All Z p -invariant nonsingular quartic surfaces in P 3 (k) are obtained for any prime p ≥ 5, up to projective equivalence. As a result, if G is the projective automorphism group of a nonsingular quartic surface in P 3 (k), then |G| = 2 a 3 b 5 c 7 d with c, d ≤ 1.
Introduction
Let k be an algebraically closed field of characteristic zero, and n ≥ 2 an integer. Defining f A ∈ k[x 1 , . . . , x n ] for A ∈ GL n (k) and f ∈ k[x 1 , . . . , x n ] to be f ( n j=1 α 1j x j , . . . , n j=1 x nj ), where [α ij ] = A −1 , we obtain a group action of GL n (k) on the polynomial ring k[x] : A · f = f A , namely (AB) · f = A · (B · f ), or equivalently, (f A ) B = f AB . We denote the (n − 1)-dimensional projective space over k by P n−1 (k), a point of P n−1 (k) whose homogeneous coordinates are [x 1 , . . . , x n ] by (x 1 , . . . , x n ). Denote by (A) the projective transformation of P n−1 (k) defined by A ∈ GL n (k), and let P GL n (k) be the group of all projective transformations of P n−1 (k). Obviously P GL n (k) acts on the power set of P n−1 (k). Therefore, for any subset S of P n−1 (k) the set {(A) ∈ P GL n (k) : (A)S = S} is a subgroup of P GL n (k), which we denote by Paut(S) and call the projective automorphism group of S. Let h ∈ k[x] be a homogeneous polynomial of degree d ≥ 0. When G is a subgroup of P GL n (k), we say that h is G-invariant if h A ∼ h, i.e. h A = λh for some λ ∈ k * , which may depend on (A), for any (A) ∈ G. By definition h is Z p -invariant if and only if there exists a subgroup G of P GL n (k) isomorphic to Z p such that h is G-invariant. The projective automorphism group Paut(h) of h, is the set of all (A) such that h A ∼ h. Clearly Paut(h) = Paut(V (h)) if h is irreducible, in particular if the hypersurface V (h) in P n−1 (k) is nonsingular. We shall show that any Z 5 -invariant nonsingular quartic form in k[x, y, z, t] takes the form, up to projective equivalence, Note that A 5 -invariant nonsingular quartic forms [2] are Z 5 -invariant. We shall show that any Z 7 -invariant nonsingular quartic form in k[x, y, z, t] takes the form, up to projective equivalence, x 3 y + y 3 z + z 3 x + t 4 + λxyzt, where λ 4 = 4 4 . We shall also show that there exists no Z p -invariant nonsingular quartic form in k[x, y, z, t] for any prime p > 7.
As a by-product the order of any projective automorphism group G of the nonsingular quartic surface is of the form 2 a 3 b 5 c 7 d , where c, d ≤ 1. Finally we shall determine the projective automorphism group of the Z 5 -invariant quartic surface V (x 3 y + y 3 z + z 3 t + t 3 x).
Preliminaries
Let d, , n−1, r ≥ 1 be integers and δ ∈ k * with ord(δ) = r. If A ∈ GL n (k) is diagonal and of order r, it takes the form diag[δ Let A be as in Lemma 1.1 and M A −1 = δ j M, where M is a monomial in k[x 1 , . . . , x n ] and j ∈ [0, r − 1]. We call j, which is considered to belong to Z/rZ, the index of M for A.
vanishes at ε j , where ε j stands for the j-th row of the unit matrix E n ∈ GL n (k).
. Therefore the following lemma holds.
If f contains at most n − 1 singularity-checking monomials of degree d, then the projective algebraic set V (f ) is singular at (ε ℓ ) ∈ P n−1 (k) for some ℓ ∈ [1, n].
Then the matrix components of X are distinct. By the assumption f contains no elements of a certain column of X, the ℓ-th column say. Thus V (f ) is singular at (ε ℓ ).
From now on until the end of this section let ε ∈ k * be of order p, a prime number not less that 5. We consider a subgroup G of P GL 4 (k) isomorphic to Z p , i.e. the additive group Z/pZ. G has a generator (A), where A ∈ GL 4 (k) is of order p. We 
, and D j,ℓ (1 < j < ℓ < p) be as above. Then G is conjugate to one of the cyclic groups
, and (D j,ℓ ) .
, respectively. Therefore we have Lemma 1.5. A subgroup of P GL 4 (k) isomorphic to Z 5 is conjugate to one of the five cyclic subgroups
.
imply, respectively,
) . Thus we arrive at Lemma 1.6. A subgroup of P GL 4 (k) isomorphic to Z 7 is conjugate to one of the seven cyclic groups
Z 5 -invariant nonsingular quartic surfaces
We shall describe Z 5 -invariant nonsingular quartic forms in k[x, y, z, t]. Let ε ∈ k * be of order 5, the diagonal matrices D j and D j,ℓ be as in the previous section, and [5, 1] takes the form
where abcd = 0, for f [5, 1] is nonsingular. There exists a nonsingular diagonal matrix
Let T = [e 1 , e 2 , e 4 , e 3 ], where the column vector e i ∈ k 4 (i ∈ [1, 4] ) is the i-th column vector of the unit matrix
We denote this quartic form by f µ,ν,λ . Clearly f µ,ν,λ
Proposition 2.1. Let G be the projective automorphism group of a nonsingular quartic form. In the decomposition Πp ν(p) of |G| into prime factors it holds that ν(5) ≤ 1.
Proof. As is known, the projective automorphism group of a nonsingular d-form is a finite group [6] 
. We can directly see that any
We shall find a condition for f µ,ν,λ to be singular. We discuss first the case µνλ = 0. Note that f 0,0,0 is nonsingular. Proof. We write f for f µ,0,0 and assume µ = 0. Assume V (f ) has a singular point at (x, y, z, t). It can be easily seen that xyzt = 0. We may assume t = 1. The condition
The condition g 1 = g 2 = g 4 = 0 yields y 3 z = x and x 3 y = z 3 . In particular y 10 = 1. Now that y 10 = 1 and x = y 3 z, the condition g j = 0 (j ∈ [1, 4] ) is equivalent to 2µz Proof. We write f for f 0,0,λ . Assume that V (f ) is singular at (x, y, z, t). It follows easily that xyzt = 0. We may assume t = 1. The condition f x = f y = f z = f t = 0 is equivalent to g j = 0 (j ∈ [1, 4] ), where
, and the condition g 1 = g ′ 2 = 0 implies x = z 3 and x 3 y = x, hence y = z −6 . The condition g 3 = 0 yields y 3 z = z 3 so that z 20 = 1. Let η ∈ k * with ord(η) = 20, and z = η i , 
Proof. It suffices to prove (1) . If µλ = 0, we are done by Lemma 2.2 and Lemma 2.3. Assume µλ = 0. We write f for f µ,0,λ . Suppose V (f ) is singular at (x, y, z, t). We can show xyzt = 0, so we may assume t = 1. The condition
Since g 1 = g 2 − 3g 3 = 0, we obtain µx 2 z 2 + z 3 − x = 0. Now the condition g 1 = g 2 = 0 yields x 3 y = z 3 and x = y 3 z, therefore y 10 = 1. Now that y 10 = 1 and x = y 3 z, the condition g j = 0 (j ∈ [1, 4] ) is equivalent to h 1 = h 2 = 0, where
Thus f µ,0,λ is singular if and only if there exists z ∈ k * such a that h 1 = h 2 = 0 for some y ∈ k satisfying y 10 = 1. Let
Clearly h 1 = h 2 = 0 if and only if h 2 = h 4 = 0. Define a, b, α, β by h 2 = z 2 + az + b and h 4 = αz + β. There exists a z ∈ k * such that h 2 = h 4 = 0 for some y satisfying y 10 = 1 if and only if r = (−β) 2 + aα(−β) + bα 2 vanishes for some y satisfying y 10 = 1, for b = 3y 3 = 0. Since r = 3y 8 {y 
Proof. If µν = 0, we are done by Lemma 2.2. We write f for f µ,ν,0 . Assume µν = 0 and that V (f ) is singular at (x, y, z, t). We can easily show that xyzt = 0. We assume t = 1. Note that
Consequently x = y 3 z and x 3 y = z 3 , hence y 10 = 1. Now that y 10 = 1 and x = y 3 z, the condition f x = f y = f z = f t = 0 is equivalent to h 1 = h 2 = 0, where h 1 = 2µz 3 +3y 4 z 2 +y 7 and h 2 = z 3 + 3y
(4µ 2 ν − µδ + 3νδ) so that
Note that there exists a z ∈ k * such that h 1 = h 2 = 0 for some y satisfying y 10 = 1 if and only if there exists a z ∈ k such that h 3 = h 4 = 0 for some y satisfying y 10 = 1. Define a, b, α, β by h 3 = z 2 + az + b and h 4 = αz + β. Then f is singular if and only if there exists a y ∈ k satisfying y 10 = 1 and r = 0, where r = (−β) 1 + aα(−β) + bα 2 . Since 12y 2 r is equal to 16(1+3µ 2 ν 2 )δ+27µ 2 +6µν+27ν 2 −16µ 3 ν 3 , (1) follows when µν = 0.
Denote the following polynomial in u,v, and w by R;
Theorem 2.6. Let the polynomial R be as above. The quartic form f µ,ν,λ is singular if and only if R(µ, ν, λ) = 0.
Proof
3 )/10 vanishes, the equality g 2 = 0 implies x = y 3 z, hence y 10 = 1. Now that y 10 = 1 and x = y 3 z, the condition g 1 = g 2 = g 3 = g 4 = 0 is equivalent to h 1 = h 2 = 0, where We must calculte accurately. We compute s 1 as follows. 
Similarly, s 2 takes the form
Thus det S/(4y) is equal to
Consequently f with µνλ = 0 is singular if and only if R(µ, ν, λ) = 0.
Z 7 -invariant nonsingular quartic surfaces
We shall describe Z 7 -invariant nonsingular quartic forms in k[x, y, z, t]. Let p be the prime 7, ε ∈ k * of order p, diagonal matrices D j and D j,ℓ as in the section 1. Let
A subgroup of P GL 4 (k) isomorphic to Z p is conjugate to one of the seven cyclic groups (A i ) by Lemma 1.6. Denote by 
Proposition 3.1. Let G be the projective automorphism group of a nonsingular quartic form. In the decomposition Πp ν(p) of |G| into prime factors it holds that ν(7) ≤ 1.
Proof. Let d = ν (7) and p = 7. Assume G = Paut(f ), where f is a nonsingular quartic form. It suffices to show that d < 2 under the assumption d ≥ 1. We may assume f = g for some λ ∈ k, hence (A) ∈ G, where
By Sylow theorem [3] there exists a subgroup H of G such that (A) ∈ H and |H| = p 2 . We can directly show that any X ∈ GL 4 (k) satisfying (A)(X) = (X)(A) is diagonal. Besides, H is abelian. Thus, if (B) ∈ H, we may assume B = diag[α, β, γ, 1], and it follows that Proof. It is clear that f 0 is nonsingular. We write f for f λ . Assume λ = 0 and that V (f ) is singular at (x, y, z, t). Since xyzt = 0, we may assume t = 1. Obviously the condition f x = f y = f z = f t = 0 is equivalent to g j = 0 (j ∈ [1, 4] ), where g 1 = xf x − f t , g 2 = yf y − f t , g 3 = zf z − f t , and g 4 = f t . In addition the condition g 1 = g 2 = g 3 = 0 is equivalent to 
Z p -invariant nonsingular quartic surfaces
Let p be a prime not less that 11, ε ∈ k * be of order p. As mentioned in the section 1, a subgroup of P GL 4 (k) isomorphic to Z p is conjugate to one of the subgroups (D 0 ) , Recall that e i (resp. ε i ) (i ∈ [1, 4] ) stands for the i-th column (resp. row) of the unit matrix E 4 ∈ GL 4 (k). 
Proof. Let A = D 0 , and f ∈ k[x, y, z, t] a non-zero A-invariant quartic form. Then
, and f is a linear combination of quartic monomials of index i for A. If i = 0, then f contains none of monomials z 4 , z 3 x, z 3 y, z 3 t, hence the projective algebraic set V (f ) is singular at (ε 3 ). Similarly, according as i = 1, i = 3 or i = 4, V (f ) is singular at (ε 3 ), (ε 1 ) or (ε 1 ). If i ∈ [0, p − 1] \ {0, 1, 3, 4} , then V (f ) is singular at (ε 1 ). We can show (2) similarly. Lemma 4.2. Any D ℓ -invariant quartic form is singular (1 < ℓ < p).
Proof. Let
Proof. Let A = D j,ℓ and let f ∈ k[x, y, z, t] be a non-zero quartic form satisfying 5 and N ∈ (Z/pZ) 2 as follows.
By Corollary 1.3 it suffices to show that f contains at most three singularity-checking quartic monomials. To this end we will show that any i ∈ [0, p − 1] appears at most three times in the 12 components of J, L and N and that if i appears three times there, then i ∈ {0, 1, 3, 4}. Note that J, L and N possess certain symmetry:
. Besides, n 1 = n 2 . By the remark at the beginning of the proof of Lemma 4.2 i appears at most twice in J, namely 1-1) j ≡ i ≡ 3j + 1, hence j ≡ −1/2 ≡ i, or 1-2) j + 3 ≡ i ≡ 3j, hence j ≡ 3/2, i ≡ 9/2. Similarly i appears at most twice in L, namely 1-3) ℓ ≡ i ≡ 3ℓ + 1 or 1-4) ℓ + 3 ≡ 3ℓ. First assume 1-1) so that i ≡ ℓ, 3ℓ + 1 and 1-4) is impossible. Therefore i appears at most once in L, namely 1-1-1) i ≡ ℓ + 3, 1-1-2) i ≡ 3ℓ or 1-1-3) i ≡ 4ℓ. In each of the three cases we can easily see i ≡ n 1 , n 2 , for j, j −1, ℓ, ℓ−1, j −ℓ ≡ 0. We note that −1/2, 9/2 ∈ {0, 1, 3, 4}
as elements of the finite field Z/pZ. Similarly, in the case 1-2) i appears at most once in
In addition in each of the three cases i ≡ n 1 , n 2 . Next assume i appears once in J, namely 2-1)
Obviously cases 2-n-n) (n ∈ [1, 5] ) are impossible, for  ≡ ℓ. We will show that i appears at most three times in J, L and N and that if i appears there three times then i ∈ {0, 1, 3, 4}. In view of the symmetry of J, L and N it suffices to check the 10 cases 2-m-n) m < n. We can show easily i ≡ n 1 , n 2 in the cases 2-1-2), 2-1-3), 2-1-5) . The case 2-1-4) It is easy to see i ≡ n 2 . If i ≡ n 1 , then 10ℓ + 3 ≡ 3ℓ + 1 so that i ≡ 13/7 ∈ {0, 1, 3, 4}. The case 2-2-3) It is easy to see i ≡ n 2 . If i ≡ n 1 , then ℓ ≡ 9/7 and i = 27/7 ∈ {0, 1, 3, 4}. We can show easily that i ≡ n 1 , n 2 in the cases 2-2-4) and 2-2-5). In the remaining cases 2- 3 
Proof. By definition the projective automorphism group Paut(g) of a non-zero form g(x 1 , . . . , x n ) consists of (A) ∈ P GL n (n) such that Denote by S the set of all singular points of the projective algebraic set V (h) in P 3 (k). Clearly S 0 = { (1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), (0, 0, 0, 1) } is a subset of S. It is immediate that (x, y, z, t) ∈ S with xyzt = 0 belongs to S 0 . We shall find all (x, y, z, 1) ∈ S \ S 0 . Suppose (x, y, z, 1) with xyz = 0 belongs to S, namely f x = f y = f z = f t = 0. This condition is equivalent to g j = 0 (j ∈ [1, 4] ), where
Since 10y(−x 2 y 4 + z 2 ) = (g 1 − g 3 + 2g 2 ), we have z 2 = x 2 y 4 . Now g 2 = 0 yields y 10 = 1. Put z = σxy 2 , where σ 2 = y 10 = 1. Then the condition g j = 0 (j ∈ [1, 4] ) is equivalent to ℓ 1 = ℓ 2 = 0, where
Thus (x, y, z, 1) ∈ P 3 (k) with xyz = 0 belongs to S if and only if [x, y, z] = [x, y, σxy 2 ] for some [x, σ, y] satisfying σ 2 = y 10 = 1, ℓ 1 = ℓ 2 = 0. Define ℓ 3 and ℓ 4 as follows. We have found all (x, y, z, 1) ∈ S with xyz = 0. Namely, (x, y, z, 1) = (x, y, σxy 2 ) with . Evidently H = Paut(h) acts on S. We claim that there exists no (A) ∈ H such that (A)Q 0 ∈ S 0 so that H acts on S 0 . To prove the claim it suffices to show that the tangent cone T Q 0 of V (h) at Q 0 is not isomorphic to the one T Q ℓ at Q ℓ (ℓ = 1, 2, 3) [7, p.95 ]. Since h(x, y, z, 1) = −4yz 2 + y 4 + (−4x 5 z + 14x 2 y 2 z 2 ) − 4x 2 y 5 + (x 4 z 4 − 4xy 2 z 5 ), T Q 0 is the affine algebraic set V (yz 2 ) in A 3 (k). Let h(x + t, y + t, z + t, t) takes the form b(x, y, z)t 6 + lower terms of t, where b(x, y, z) = 8(−3x 2 − 3y 2 − 3z 2 + xy + yz + 4xz).
Since the symmetric matrix [b ij ] associated with the quadratic form b is nonsingular, b is an irreducible polynomial so that T Q 1 = V (b) is not isomorphic to V (yz 2 ). Let w stands for u or v, so that w 4 + 4w 2 − 1 = 0. Denoting the non-trivial field automorphism of Q( √ 5) over Q by τ , we have τ (u 2 ) = v 2 . Then h T −1 (x, y, z, t) = h(x + wt, y + t, z − wt, t) takes the form b(x, y, z)t 6 + lower terms of t, where c(x, y, z) = c 11 x 2 + c 22 y 2 + c 33 z 2 + 2c 12 xy + 2c 13 zx + 2c 23 yz,
